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ABSTRACT

The " good modelling "for the dynamic analysis by the finite
element method are of importance for . getiing reliable results
with minimum computational cost. Accuracy of GUADL and GQUADS
isoparametric shell elements in MSC/NASTRAN, when applied to
the free vibration analysis of thin cylindrical shells having
freely supported ends, has been investigated by numerical com-
putations., The calculated eigen frequencies, the mode shapes
and the corresponding stresses were compared with the theore-
tical solutions given by Arnold and Warburton. As far as the

present analysis results are concerned, the excellent per

14y

or-
mance of QUAD4 has been revealed for a wide range of vibration
foras, especially in calculating the membrane behavior dominant
modes, which are of practical importance owing to their high
excitability under pressure loading.
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1. Introduction

Dynamic analysis of Structures by the finite element method
reauires much more computational cost than the static one. It
depends highly on the number of d.o.f. ( degree of freedom ) in
the analysis model. Therefore, how to find the finite element
model with minimum number of d.o.f. to get practically acceptable
results draws strong interest of many structural engineers.
Though a number of general purpose programs capable of linear
dynamic analysis are found today, the necessary informations
for keeping the accuracy of numerical results are commonly poor.
This might be partly due to the widely variated dynamic charac-
teristics of structures, all of which can not bve investigated
sclely by the developer of the analysis code. As a result, it
is reouired for the practical user to have the ability of "good

modelling". He should understand the basic matters of the ana- )
lysis code, which cannot be treated as a " black box " any more~
and the intimate contact with the code develorver is indispensable.

In this paper, the accuracy of free vibration analysis for
thin cylindrical shells with simply suvported ends by using
MSC/NASTRAN is investigated by numerical comvutations. The
error origins in the free vibration analysis for this kind of
problems might be for the most part

1) Spatial approximation performance of the used elements,

such as stiffness and inertia proverties, for representing
the vibration modes

iy

- .
freedoms,

2) Reductiocn technique of the dynamic degree o
such as the Zuyan reducticn meihed

Most part ¢f the paper is focused orimarily on the first one, i.e.

the spatial apvroximation performance of QUADL and QUADS shell

elements for representing the vibration modes of simply supported

thin c¢ylindrical shell is investigated relating to the accuracy of

eigen-frequencies, their mode shapes and the corresponding stresses,

which will be compared with the theoretical values. Though many
investigators have concentrated their interest to the accuracy




of eigen-freauencies, the latter two are also of practical impor-
tance from the view point of dynamic transient analysis. Because
of the dependence of the eigen freauencies on the total energy

of the corresponding modes, their accuracy never guarantee that
of the calculated mode shapes, i.e. the non-existence of locally
disturbed deformation, which is critical for the resulting stress
values., It is noted here that, to remove the error due to the
second origin above mentioned, the direct application of inverse
vower method with no dynamic reduction is used for the present
eigenvalue extraction.

QUADul’a) and OUAD8 belong to the so called " degenerated
shell element ", which is based on the isovarametric concept
using the reduced integration technique. QUAD4 is known for its
pioneering work in the development of this type of four node
quadrilateral plate bending elements, which show extensive
high performances for wide range of plate thickness problems
inspite of their very simvle formulations. QUAD8 is considered
to be the higher order version of QUADulz though its theoretical
description has not been published yet. A number of recent
contributions in this area can be found in the references 4-7).

From the numerical investigaticn performed here, though
the element shapes are confined to the rectangular one with
moderate aspect ratio, the surprisingly excellent accuracy of
QUAD4 element for a wide range of vibration forms will be
revealed, as far as the application to thin cylindrical shell
vroblems are concerned. On the other hand, QUAD8 will be found to
show some deficiencies in calculating the membrane behavior
dominant modes, which are of practical importance owing to its
high excitability under pressure type of loading.

A1l the calculation results presented in this paper
are obtained by using the 61-B version of MSC/NASTRAN installed
in the UNIVAC 1181 computer at IHI.



2 Prevarations for the Numerical Investizations

2=1 Theoretical Solution

The theoretical solution for the thin cylindrical shell with
simply supported ends as shown in Fig.l was given by Aranold and
Warburtonlo). The solution for the other end conditions can be

found, for example, in Reference 11).

The vibrational modes for the present problem can be expressed
in the following forms.

u =0 cos(mmx/g) cos(né) cos(pt) (Axial Disvlacement)
v =V sin(mtx/L) sin(n®) cos(vt)  (Tangential Disvl. )
w = W sin(m mx/g) cos(n€) cos(pt) (Radial Disvlacement)

Here, 'n' and 'm' are the numter of circumferential and axial

waves, respectively. For thé brevity of investigation, the analysis

performed in the present paper is confined to the case ' m=1 ' .,
The solution procedure by Arnold and Warburton is based on the

energy method with using strain relations given by Timoshenko,

which i1s comparable to the use of displacement equations by Flugge.

Once determined the eigenfrequency by the characteristic ecuations,

the amplitude ratios U/ W and V/ W can be calculated easily and

the corresvonding mode shanes are determined. Setting the maximum

modal displacement to take the unit value, the corresvonding stresses
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olution procedures, has been develoved so that the numerical soluticn

for any dimensional cylindrical shell can te instantaneocusly ottained.

2-2 Finite Element Modelling

From the symmetricity consideration, the analysis by NASTRAN
were performed for the shaded vortion as is shown in Fig. 2,i.e.




a 90-degree sector. The shell dimensions and the material proverty
used in the numerical calculation are also shown there,

The cylindrical coordinate is introduced and throughout the
analysis all the rotational degrees of freedom with respect to
the axis pervendicular to the shell surface, i.e. z-axis, are
restrained.g)

The introduction of the boundary conditions for AB, ED, DC
and CA as is shown in Fig. 2 allows us to calculate the vibration
node of the even number of circumferential waves.

An example of finite element meshes by using QUAD8 is shown in
Fig. 2. 1In the mesh patterns used in the present analysis all
the nodes are eocually spaced both to the axial and circumferential
directions. The division number for the axial direction is fixed
to be five, whereas that for the circumferential direction is
varied from 6 to 16 to see the convergence characteristc of
the elements. Hereafter, the mesh patterns are indicated as
"N XN ', for example ' 8 X 5 ', which means N_ division for
the circumferential direction and Ha axially. Due to the above
regular mesh vattern, the element shave is confined to the

rectangular cne, with the aspect ratios about 1.9 (' 6 X 5') to
0.7 ('16 X 5').

The superiority of the lumred mass approximation to the consis-
tent one for the shell vibration problems has often been reportedg)
from the view point of accuracy for the eigen frecuencies and the
efficiency of the numerical comvputaticn. In the present calcula-
tion, the lumped mass apvroximation is used throughout the analysis
exceot otherwise stated.

As was stated previously, the eigen-value extraction is vperfor-
med by the direct application of inverse power method with no
dynamic reduction except otherwise stated.



2 Results and Discussions of the Numerical Investigations

-~ e

3«1 Accuracy of Eigen Frecuencies

The solid curves in Fig. 4 shows the theoretical eigen frequen-
cies versus the number of circumferential waves for the three
radius-thickness ratios R/t = 50, 284.7 and 600. The analysis by
NASTRAN were carried out for the above three cases, especially that

of R/t = 284.7 1is primarily investigated.

(1) R/t = 28u.7 by QUADL

The ratios of the calculated frequencies to the theoretical
values are shown in Table 1 , and they show surprisingly excellent
accuracy even for the modes of larger 'n', the number of ¢ircum-
ferential waves. Increasing the division numnber for the circum-
ferential directicn, the convergence trend to the theoretical
values can be observed. It should be noticed that the mesh vattern
'* 8 X 5 ' has been thought to be quite insufficient for calculating
the modes of 'n' larger than 10 with using simple elements such

as GQUADL.

(2) R/t = 28..7 by QUADS

Table 2 shows the results by QUAD8 element. Comrvared with
those by QUADL in Table 1, some relative inferiority is found
for the modes of smaller 'n' = 2 and L, excent for the values
obtained by consistent mass approximation, though they are

practically accentable. As will be shown later, the inferiority
is due to the local disturbance of the calculated mode shapes.

For the modes of 'n' larger than 6, where the bending behavior
becomes dominant, the results by QUAD8 using the mesh pattern
' 8X 5 ' are almost comparable to those by QUAD4 using the mesh



pattern ' 12 X 5 ', Taking into account the total d.o.f. of the
analysis models, QUAD8 does not show the merit of its higher order
formulation. It should be noted that for these modes the accuracy
of the eigen freguencies by lumped mass approximation is superior
to that by consistent one. '

(3) R/t = 50 and 600 by QUADL and QUADS8

To confirm the performance of QUAD4 and QUADS for the other
radius-thickness ratio R/t, the analysis are carried out for the
two cases, R/t = 50 and 600, using the mesh pattern ' § X 5 ¢,

Table 2 shows the results for R/t .= 600, and the inferiority
of NUAD8 for the modes of 'n'= 2 and 4 is again found.

Table 4 show the results for R/t = 50, the relatively thicker
plate situation. Here, the inferiority of QUAD8 observed in the
other two cases disappeared, and as will be shown later, the local
disturbance of the mode shape was not found any more.

For the schematic comparison with the theoretical values, the

the calculated frecuencies by OQUADL with using the me§h pattern
' 8 X 5 ' are vlotted in Fig. L .

3-2 Accuracy of Mode Shave

(1) Mode Snaves bv CUADL

The calculated mode shapes for 'm'= 2, L, 6, 8 by QUAD4 with
using the mesh pattern ' 8 X 5 ! "are shown in Fig. 5, which
follows the satisfactory results.

It was found in the foregoing accuracy investigation of the
frecuencies that the mesh pattern ' 8 X 5 ' gives surprisingly
good. results even for the modes of 'n' larger than 10 inspite of
its relative coarseness. The mode shapes for 'n' = 12 and 14



by this mesh pattern are compared in Fig. 6 with those
obtained by QUAD4 using the mesh pattern ' 16 X 5 ', It is
seen that the common ncdal displacements, designated by
circles, display good coincidence to each other, which shows
the high performance of QUAD4 in spite of its very simple
formulation.

(2) Mode Shaves by QUADS

Fig., 7 shows the calculated mode shape by QUADS using the
mesh pattern ' 8§ X 5 '. For the mode of 'n'= 2 , elementwise
local disturbances of the mode shape are observed and also
very slight disturbance for the mode of 'n'= 4., To see the
characteristic of the disturbance, the nodal distlacement to the
radial direction 'w' along the mid-section of the cylindrical
shell are compared with the theoretical values for the mode 'n' = 2
which 1s shown in the table of Fig., 8. Very interesting is the
fact that the nodal disvlacements at the corner nodes of QUADS
show high accuracy, whereas those at the mid-side nodes follows

b

discrepancy. The behavior indicates the elementwise local dist-
turtance of the mode shape.

The same trend can also be found for the thinner nlate
thickness R/t = 600 as is shown in Fig. 9,
bances are magnif

where the distur-

Cn the other hand, the mode shapes for R/t = 50 follows no
such deficiency as is shown in Fig 10.

Several solution ways for overcoming the above deficiency

found in the anglysis of tried

very thirn cvliindrical shells wed
very taln cyilndrical snells we

(0]

’
and one of the succeeded results is shown in ¥ig. 11, where the

firner mesh divisions ' 16 X 5 ' was applied. FEere, the slight
disturbance is still observed for the mode 'n' = 2. Eowever,
the use of the finer mesh division is unpracticable from the view
rcint of computational cost.

All the foregoing results are obtained by using the lumped
mass approximation. Remembering that the calculated frecuencies



by the consistent mass approximation ( R/t = 284.7, ' 8 X 5 ' )
follows no inferiority, their mode shapes could be expected to
give the better results, which are shown in Fig. 12, The much
improved and seemingly satisfactory mode shapes are observed,
with slight disturbance still for the mode 'n' = 2.

Prom the above examinations of the mode shapes it might be
tentatively deduced that that the disturbance of the mode shape
calculated by QUAD8 for the smaller number of 'n' would appear
for the case of very large R/t together with the use of lumped
mass approximation., It seems that this might be due to the
poor approximation ability of the lumped mass for representing
_the inertia property of this kind of higher order elements
when used for the analysis of very thin cylindrical shells.

3-3 Accuracy of Stresses

The comparison of the calculated mode stresses with the theo-
retical values for R/t = 284.,7 are shown in Tables 5 and 6,
where the maximum mode disvlacements are set to be 1.0 (mm).

The location for compariscon is shown in Fig. 3 ( point 'Q' ),
and the inner and outer surface stresses are considered from
the practical point of view. The mesh pattern used is ' 8 X 5 ',

(1) It is seen that the results by QUADL4 shows very good
coincidence with the theoretical values for the modes up to

tnt = 8.

(2) On the other hand, those by QUAD8 exhibits the poorer coin-
cidence for the modes of 'n' =2 and 4, which might be due to
the local disturbance of the mode shape discussed opreviously.
The results by using the consistent mass approxizmation are also
shown in the round brackets of the same tables, which give the
improved stress values, however, poorer still for the mode 'n!
= 2 than those by QUAD4. It should be emphasized here that



inspite of the slight mode shape disturbance as is observed

in Fig. 2, the corresvonding stress values include the unex-
pected amount of error. Further y 1t should be noted that the
results by QUAD8 show no better performance than QUADL for the
modes of larger 'n' from the view point of the total d.o.f. per
circumferential wave length.

L, Summary and Conclusion

As far as the present numerical investigations are concerned,
it has been revealed that OQUAD4 plate bending element show the
excellent high performance for the vibration analysis of thin
cylindrical shells., Though the investigated element shape is
confined to the rectangular one, not only the accuracy of eigen
frequency but also that of mode shape and the corresponding stress
are remarkably excellent inspite of its simple formulation, and
the necessary information for the minimum mesh division to keep
the practically acceptable accuracy has been obtained. To con-
firm its general applicability, however, further investigations
for the distorted element shape might be necessary.

On the other hand, QUAD8 shows somewhat inferiority in calcu-
lating the membrane behavior dominant modes, which are essen-
tial for the strength assesment of shell structures, when applied
to very thin cylindrical shells. Further, for the modes of
larger number of circumferential waves, where the bending behavior
is dominant, it does not seem to give the tetter verformance than
SUADL on the basis of total d.o.f., and the merit of its higher
order formulation is not found.

Because of the obvious superiority of QUADL to QUAD8, the appli-
cation of QUADL to the present area of problems is preferable.
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3 Comparison of the Calculated Eigen Frequencies with

the Theoretical Values ( R/t = 600, Mesh Pattern 8 X 5 )

. . » :
( £ : ralculation £ (Hz )
. Theoretical Val
Element Type QUADL NUADS 1 Value
-— ﬁ -
= 2 1.005 0.985 7 96.52
SE <
5% 4 1.013 0.3h4 ™ 43.15
Q=
=
30 5 1.018 0.9836 22.77
-~
[+]
p 8 1.025 1.001 14.38
=1
o 10 1.0%4 1.c08 13.29
V)
()
12 1.028 1.005 15.28%
=
3 1y 0.973 1.397 13.43
7]
15 ~.832s c.332 2k.80
# 1indicate the local disturbance of the mode shape
L Comparison of the Calculatad Zigen Trequenciass wish
tae Thecrefical Values ( /% = 30 |, Mesha Fattarn 3 ¢ 3
!
r/t'. I3 ~ - . -
A G falculatizn ) S0 5z
| by Sanl ot
Ilament Trpe | ajalu NP E] ' sheorstical Talue
- ; |
= : Z i 1.2C¢% n.3%2 35,37
~3 ’
T3 O L.2e8 .ot Poudlzs
52 3 1.3 2.3%% L3030
3 3 ! 223 3.325 =3
- < ? PR Sely, .« ‘f e 22
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. | f Ts 1 2.3ez PollT.s
— ]
- hi - # Q.337 1574
2
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b
13 - 0.323 =T
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Dinmensicns 13

5941.6 ( mm )
4223.8 ( wmm )

Material Pronerties

7.859E-10 ( Kg sec3/ mmt )

f =

2
E = 19700 ( Kg/mm=™ ) A simply supported end
Vv = 0.3

Restraint Conditions

Along AB and CD

v =2 = =
X eZ C

Along ac ( Suzzorted Ind )

¥y=w= =8 =
SX z 0

Along §3 ( Midsection )

u = ey = GZ = 0

Fig. 2 Finite Element Model and Boundary Conditions
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Fig. 4
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Yumbter of Cirsumferential Vaves pod
Schematic Comparison of the Calculated Freguencies

with the Theoretical Value ( Mesh Pattern : 8§ X 5 )
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Fig. 5 Calculated Mode Shapes by QUADL and
the Mesh Pattern 8 %X 5 ( R/t = 28:.7 )
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NUADL , Mesh Pattera S X 5 X

Fig. 6 Comparison of the Calculated Mode Shages by the
Different Mesh Patierns for Larger Number of
ircumferential ™aves ( 2TAD4,'3 X 5' vs '16 X 5' )
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"W : Nodal Disvlacement

Yodal Points to the Radial Direction
Along Midsection QUADS Thsgiggical
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Fig. 8 Accuracy of Nodal Displacements along the Mid-section
for the Vibration Mode ' n = 2 ' ( QUAD8 , Mesh Pattern

8§xX5)
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R/t = 630
Fig. 9 Calculated Mode Shazes ( ~UADS , Mesh Pattern 8§ X 5 )
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Fiz. 10 Calculated Mode Shapes ( QUADS , Mesh Pattern 8§ X 5 )
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, Mesh Patierna 15X 5 )

Calculated Mode Shapes ( QUADS
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Fig. 12 Calculated Mode Shapes by Consistent Mass Approxdmation
( 2UAD8, Mesh Pattern ' § X 5 ', R/t = 258L.7 )
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