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Abstract

Statistical response analysis computes the statistical distribution of responses,
given the distribution of design variable values. Variation in design variable values
can resuit from manufacturing tolerances, and it can also be attributed to a level of
uncertainty about the finite element input. Statistical distributions discussed herein
are the standard deviation and variance.

Statistical response analysis can be accomplished in MSC/NASTRAN by using
SOL 200 and DMAP alters in Version 67.5. This paper describes the theory, alters,
and examples.



Introduction

Dimensions, material properties, and other physical properties have tolerances or
variations that are generally not taken intc account in structural analysis. For
example, Young's modulus may be given as 30.0E6 psi for a particular grade of
steel, yet if 100 specimens are sampled slight variations are found due to the
manufacturing process.

In a statistical response analysis model parameters have a statistical distribution
characterized by its mean, variance, and standard deviation. The computed
response likewise has these same properties. In a "typical" structural analysis, the
input values are analogous to the mean, and there is no variance or standard
deviation. Similarly, the computed values represent the mean with no deviations.

The goal of statistical response analysis is to answer the question: "Given the
variations in element and material properties, what are the variations in computed
response?” This can be done in MSC/NASTRAN by using SOL 200 and DMAP
alters.

Linear Statistical Model

A linear statistical model [Ref. 1] assumes that the structural response can be
written as a Taylor's series:

{r(p)} = {r(Po)} + [SIT {p-Po} (1]

where p denotes values of the perturbed design variables, po denotes values of
the original design variables, {r(p)} is a vector of response at perturbed values of
the design variables, {r(po)} is a vector of response at original values of the design
variables, and [S] is the response sensitivity matrix (Sjj = dri/dpj). The zero
subscript refers to the mean or expected values.

Using this model, the covariance matrix of response is given by:

[COVR] = [S]T [COVD] [S] [2]
where [COVR] is the covariance matrix of response (size n by n, for n responses),
[COVD] is the covariance matrix of design variables (m by m, for m design

variables), and [S}] is the response sensitivity matrix (m by n).

Terms in [COVR] are:

VAR(1)  COV(1,2) .. COV({n)
[COVR] =|COV(21) VAR®@ ..  COV(2n) 3]
cov(ni) COV(n2) ..  VAR()

where COV(i,j) is the covariance between responses i and j and VAR(i) is the
variance of the ith response.



Terms in [COVD] are:

VAR(1)  COV(1,2) .. COV(1,m)
[COVD] = |COV(21) VAR(2) .. COV(2m) [4]
cov(m,1) COV(m2) .. VAR(m)

where COV(i,j) is the covariance between design variables i and j and VAR(i) is the
variance of the ith design variable.

[COVD] is usually defined as a diagonal matrix; i.e., only variances are input and
not covariances. This is analogous to saying that the design variables are
uncorrelated. Off-diagonal terms in [COVD] represent correlation between design
variables. One way to think of [COVD] is:

[COVD] = [STDVD] [CORR] [STDVD] (5]
where [STDVD] is a diagonal matrix of standard deviations (size m by m) and
CORR is a matrix of correlation coefficients (m by m). Because the square of the
standard deviation is the vatiance, terms in [STDVD] are the square of the diagonal
terms in [COVD].

Terms in [CORR] are:

1.0 COR(1,2) ..  COR(1,m)
[CORR] = |COR(2,1) 1.0 .. COR(2m) [6]
COR(m,1) CORM2) .. 1.0

where COR(i,j) is the correlation between design variables i and j, with each term
satisfying the relationship 0.0 < CORJi,j) < 1.0.

For fully correlated design variables, all terms in [CORR] are 1.0. For uncorrelated
design variables all off-diagonal terms are 0.0.

Note that the linear statistical model defined by Eqgs. [1] and [2] is valid only for
small changes in design variables (on the order of 5-10%, say, though this is
governed by the linearity of the properties in the expansion region).

Implementation in MSC/NASTRAN Version 67.5

Statistical response analysis is implemented in MSC/NASTRAN via SOL 200 and
a DMAP aiter. Matrix [COVD] is input via DMI entries; [S] is computed in SOL 200
(and is called [DSCM2]); and [COVR] is computed via the alter. The alter and
example files are supplied with Version 67.5; the alter is cova.v675. The alter is
also listed in the appendix of this paper.



Input:

Include 'cova.v675' (note: alter supplied with Version 67.5)

None (other than standard design sensitivity requests)

Bulk Data

Three types of input are required:

1.

Design sensitivity input (e.g., DESOBJ, DRESP1, DSCREEN,
DCONSTR, DESVAR, DVPREL1)

PARAM,OPTEXIT,4 (to exit after sensitivity)

DMI entries for the design variable variances. This is a square
matrix of size m by m, where m is the number of design variables.
The name of this matrix is [COVD].

i i (i.e., the 3,3 term in [COVD]
is the third design variable).

Output: Five matrices are printed:

1.

Example 1:

[DSCM2]--design sensitivity coefficient matrix (size m by n, where m
is the number of design variables and n is the number of
responses); computed in standard SOL 200

[COVD]--design variable covariances (m by m, square); user input

[COVR]--the response covariances (n by n, square, full); computed
in the alter

[VAR]--diagonal terms of [COVR], giving the response variances
(n by 1); computed in the alter

[SDEV]--square root of each term in [VAR], giving the standard
deviations of responses (n by 1); computed in the alter

Uncorrelated Variables

Consider the 10-bar truss shown on the next page. There are ten design variables
(each one representing the area of a bar) and 37 responses (weight, plus eight
displacements for each of two load subcases, plus ten stresses for each of two load
subcases). In this example the design variables are assumed to be uncorrelated,
so [COVD] is a diagonal matrix. The standard deviations of the bar areas range
from 1 to 10% of the nominal value, averaging roughly 5% (actual values are listed
in the input file in the appendix). This example is supplied with Version 67.5; the
file is covi.dat. The input file is shown beginning on page A-3.
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Figure 1: 10-Bar Truss for Examples 1 and 2.

Output is shown beginning on page A-7. Consider the fifth response, which is the
T2 displacement of grid point 1 for the first load subcase (see the Correlation Table
on page A-7 for the order of the responses). The value of this displacement is
-0.759 in.; the resulting standard deviation is 0.014 in. (about 2%), given by the fifth
row in [SDEV]. Consider the 37th response, the axial stress in bar 10 for the
second load case. The value of this stress is 524.4 psi; the resulting standard
deviation is 41.4 psi (about 8%), given by the 37th row in [SDEV].

Example 2: Fully Correlated Variables

This example is the same as the first, with the difference being that now all the
design variables are fully correlated. "Fully correlated" means that whatever gives
rise to variation in one design variable gives rise to a similar variation in the other
design variables. [COVD] is now a full matrix, with each term computed via Egs. [5]
and [6] (note that all [CORR] terms are 1.0 in Eq. [6]). Matrix [COVD] input is shown
on page A-11. This example is also supplied with Version 67.5; the file is cov2.dat.

Output is shown beginning on page A-11. Initial displacements, stresses, the
Correlation Table, and the matrix [DSCM2] are the same as for the first example;
matrices [COVD], [COVR], [VAR], and [SDEV] are different now. Consider again the
fifth response, the T2 displacement of grid point 1 for the first load case. The value
for this displacement is -0.759 in.; the resulting standard deviation is now 0.034 in.
(contrast this with 0.014 from the uncorrelated example). Consider again the 37th
response, the axial stress in bar 10 for the second load case. The-value of this
stress is 524.4 psi; the resulting standard deviation is now 30.9 psi {contrast this
with 41.4 from the uncorrelated example).



Results Interpretation

The standard deviation is the most used statistical property in the statistical
response analysis of structures. The statistical response is often written as the
mean plus or minus the standard deviation. For instance, in the uncorrelated
example the axial stress in bar 10 for the second load case is written as 524.4 +
41.4 psi.

The standard deviation also gives a confidence level in the results. Assuming a
Gaussian probability distribution, there is a 68% degree of confidence that the
response falls within the bound given by the standard deviation. For the case in
the previous paragraph, we have, then, a 68% degree of confidence that the stress
is between 483.0 and 565.8 psi. There is a 95% confidence that the results are
bounded by two standard deviations (i.e., between 441.6 and 607.2 psi), and there
is a 99% confidence that the results are bounded by three standard deviations (i.e.,
between 400.2 and 648.6 psi).

Degree of Correlation Between Design Variables

The degree of cross-correlation between design variables ranges from 0 (no
correiation) to 1 (fully correlated), with values in between denoting partial
correlation. Assessment of the degree of design variable correlation is a topic for
statistics courses, but in general the degree of correlation can be assessed by
answering the question, "There is a statistical variation in design variable i due to
some natural process or mechanism; to what degree does this process give rise to
a similar variation in design variable j?" If the answer is "none," then there is ng
correlation between design variables i and j. If the answer is "some," then there is
some correlation between the two design variables, the degree of which can be
represented by a fractional number between 0 and 1.

This paper does not attempt to begin to address how to define the degree of
correlation. However, if the degree can be defined then the method described
herein can use it.

Summary

This paper has described a method to compute the standard deviation and
variance of structural response, given the variation in design variables. This
method uses SOL 200 and DMAP alters to compute the statistical distribution of
responses. These statistical properties provide confidence levels associated with
the computed responses.

Reference

1. G. C. Hart and J. D. Collins, "The Treatment of Randomness in Finite Element
Modeling,” SAE Paper 700842, 1970.
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